INTEGRABLE s( 2 -MODULES AS INFINITE TENSOR PRODUCTS 



B.FEIGIN AND E.FEIGIN 



Absrtact. In this paper we develop an ideas and methods from Using the 
fusion product of the representations of the Lie algebra sb, we construct a set 
of the integrable highest weight sb-modules L D , depending on the vector D £ 
N fc+1 . In a special cases of D our modules are isomorphic to the irreducible 
sb-modules Lj ^. We construct a basis of the L D and study the decomposition 
of L D on the irreducible components. We also write down a formulas for the 
characters of L D . 



1. Introduction 

In this paper we introduce a way to construct s^-modules as a limit of the 
finite-dimensional representations of the polynomial current Lie algebra. We use 
the notion of the fusion product of the finite-dimensional representations of SI2, 
introduced in and studied in [jO. Let us recall main definitions. 

Let 5I2 <8> C[t] be the polynomial current algebra, e, /, h - a standard s^-basis. 
Let 7r be an s^-module, z 6 C. Define an SI2 (8 C[t]-action on the ir: (x <g> t l ) ■ v — 
z l x ■ v, x € 5(2, 11 6 jr. Denote this SI2 <£> C[t]-module by n(z). 

Let 7Ti, ... , 7r„ be an irreducible representations of SI2, dim7Tj = a;. Let Z = 
(zi, . . . ,z n ) G C™, all Zi are pairwise distinct. Consider the tensor product of the 
5(2 <%) C[i]-modules ni(zi) ® . . . ® 7r„ (z„). If w is a product of the highest vectors of 
7Ti, then 7Ti(zi) eg) .. . ® 7r n (2; n ) is a cyclic SI2 <S> C[t]-module with a cyclic vector 10, 

tti(zi) ® ... (81 tt„(z„) = C/(st 2 <g> C[i])io. 

Denote by tti * . . . * 7r n an adjoint graded module with respect to the filtration by 
the i-degree on U(sl2 ®C[t]). We call this module the fusion product of 7r 1; . . . , ir n . 

In the paper we prove the existence of injective homomorphisms between different 
fusion products. Let a\ < . . . < a n . Then, if <Zj = aj+i, we construct an injection 

(1) c ai * . . . * c *- 1 * C a *+ 2 * ... * C a " C Q1 * . . . * C a " . 

Moreover, there exists an isomorphism of the SI2 <8> C [^-modules 

(2) (C ai *...*C a ")/(C ai ^...^C 11 - 1 *C a *+ 2 *...*C a ") = 

= C ai * . . . * C *" 1 * C a ' _1 * C a '+ 1+1 * C a *+ 2 * . . . * C a ". 

(Note that the similar formulas were used by Shilling and Warnaar to construct 
the supernomials, see ||, ||, |ll|). Now, suppose ai < ci2- Then we construct an 
injection 

(3) C a 2 -a 1+ l „ C a3 * . . . * C Q " ^ C ai * . . . * C a " 
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with a quotient: 

(4) (C ai *...*C a ")/(C a2 ~ ai+1 *C a3 *...*C Q ") 



£ai-l * £0.2 + 1 ^£a 3 



*...*< 



In fact, the more general statement is true. Let i < j. Then there exist submod- 
ules Sij(A) = Si t j(ai, . . . , a n ) of the fusion product of <C ai , such that the following 
holds: 

(5) C ai *...*C a "/S i , j (A) S 

= C ai * . . . * C a< - 1 * C a * _1 * C Q * +1 * ... * C a '-* * £ a ' +1 * C Qj+1 * . . . *C a ". 

Looking at the formula (Q), one can expect iSi,j(A) to be equal to the following 
fusion product: 

(6) S hj (A) ^c^'-° i+1 *C ai *...*C° < - 1 *C a * +1 *...*C^'- 1 *C aj+1 *...*C a ". 

But that is not true in the case of the general However, the structure of the 
sl 2 © C[t]-modules Sij(A) is very interesting. We do not study it in this paper, but 
we hope to return to this topic later. 

One can consider the formulas (|lj),(|^) and ||),([l|) as an equations for the tensor 
product of irreducible s^-modules. To be specific, 

(7) C° © C° = C © C " 1 © C° +1 for (§,(§); 

(8) C a © C b = C b - a+1 C^ 1 © C h+1 ,a < b for @, @. 
The important special case of (|l|) is the following injection: 

(9) C ai * . . . * C a " <-> C Q1 * . . . * C a " * C Q " * C a " . 
Using ([)]), we define an inductive limit 

(10) C ai *...*C a " *(C a ")* 2 °° = lim C ai *...*C a " *(C a ")* 2s . 

s — ► 00 

By definition, C ai * . . . * C a " * (c a ")* 2o ° is sl 2 © C[i]-module. We will show (see 



proposition p.2| ) that in fact, it has a structure of the representation of = 
SI2 © C[i,t _1 ] © cC, where c - a central element - acts by the multiplication on 
a n — 1. In order to see the connection between s^-modules and the fusion product, 
let us describe the latter in terms of the irreducible representations of s^. 

Recall, the Lie algebra sl 2 = sl 2 © C[t, © cC, with the following commutator 
(here (•, •) is a Killing form on sl 2 , %i — x © f): 

[c,Xi] = 0, [xi,yj] = [x,y]i+j + C'(x,y)i6i + j t o, x,yesl 2 . 

Let £i,fc, i = 0, . . . , fc be an irreducible highest weight s^-module with a highest 
vector Vi^k such that L^/. = U(sl 2 )Vi l k and 

(11) e< Ui,fe = f<oViM = h <0 Vi^ k = 0, cv ltk = kv it k,hoVi,k = if*,fc- 

In addition, there exists an operator d acting on Li,fc, defined by [d, dvi h = 

0. It is clear that is bigraded by the action of the operators ho, d. Let us denote 
the /lo-grading by deg z and d-grading by deg g . 

Recall that there exists a set of the extremal vectors v(2i), i G Z in Lq^, such 
that 

w(0) = wo.1, e 2i+1 v(2i) = v(2i + 2), f_ 2i+1 v(2i) = w(2i - 2). 
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Li t i also contains a set of the extremal vectors v(2i + 1), ieZ: 

v(l) = vi,i, e 2l v(2i - 1) = v(2i + 1), f- 2i v(2i + 1) = v(2t - 1). 

For the positive integers b\ > ... > define a subspace M(pi, . . . , bf.) of L pi i ® 
. . . ® L Pk i, where are or 1, and parities of Pi and &j coincide. Namely, 

M(bi, ...,b k ) = U{sh ® C[t- x ])(t;(-6i) ® . . . ® «(-&&)). 

It turns out that M(b\, . . . , frfc) is isomorphic to some fusion product. To make 
a precise statement, let us note that by definition, a fusion product is sl 2 £3> C[i]- 
module. But in what follows we will consider our fusions as sl 2 ® C[i _1 ] -modules 
(replacing t — > Taking this remark into account, we can make the following 

statement: 

Statement 1.1. 

M(6i, . . . , & fc ) - (C 2 )* (bl ~ b2) * (C 3 )* (b2 ~ b3) * ... * (C fe )*( bfe - 1 - 6 *) * (c fc+1 )* bfc 
as sb <8> C[t _1 ]-mo(iw/es. 

For A = (ax, . . . , a„) introduce an associated set 

D = (di, . . . , dfc+i) G N fc+1 : dj = #{j : Oj ; = i}, k + 1 = a„ = max{aj. 
Denote the limit from (|Io| ) as i* : 

(12) L D = lim (C 1 )*'' 1 * (C 2 )* d2 * ... * (C "- 1 )*^"" 1 * (c a ")*( d »"+ 2s ) 

s — >oo 

(we can consider d a „ to be equal to or 1). We will show that L D is a submodule 
in the tensor product of the irreducible level 1 sfe-modules, generated by the sl 2 
action from some special vector. In order to prove it, we will use the realization 
of the irreducible level 1 representations in the fermionic space (in the space of the 
semi- infinite forms). Let us give a brief description of the latter. 

Let ip(i),(f>(j), i,j G Z be an anticommuting variables (fermions). In particular, 
ip(i) 2 — 4>{j) 2 = 0. The basis of F form so-called "semi-infinite" monomials in the 
variables <f>(i), ip(j)- They are the expressions of the form 

(13) ...il>{N- 1)4>(N - l)V(JV)<KW(ii) • • ■ ^(ifc)^(ii) • • ■ 

N <h < ... <i k ,N < ji < ... < ji. 

Operators <j>{j) acts on F by the multiplication on the corresponding fermion. 
Also there are the differcntional operators <f>(j)*, acting on F by the differen- 

tiation with respect to the variables ip(—j), 4>{—i) respectively. Thus, the following 
commutation relations are true ([a, b] + — ab + 6a): 

[tp*(i),^U)]+ = 8 i+ j,Q, [<j>*(i),<j){j)} + = 5 i+j , Q . 

The sfe-action on F is the following (we use the notation a(z) = Y^hL-cc a i z *) : 

e(z) = i>{z)cj>{z)J{z) = tl>*(z)<P(z), h(z) =: <t>{z)<t>* {z) : + : ^>{z)^{z) :,c= Id. 

Define a set of vectors v(i) G F: 

v(2N) = ...ip(N-l)((>(N-l)ip(N); v(2N + l) = . . . ^(iV - l)cj>(N - l)ip(N)if>(N). 
We will show that there is an embedding C ai *. . . *C a ™ <^-> i^®( a " _1 ) . To be precise, 

(14) C ai * . . . * C a " S U(sl 2 ® C[r 1 ])(v(-d 2 - . . . - d Qn ) ® . . . ® u(-d J) 



(see statement 1.1). 



Using this fermionic realization, one can see that for the irreducible sl2-modules 
we have (see also 0): 

L^ k = C i+1 * {C k+1 )* 2oc 

as a subspaces of F® k . Really, it is easy to see that L i k can be embedded in F® k 
as a union of the " pieces" of the form ( |l4| ) . Actually, for any D the module L D is 
a subspace of F® k . 

Thus, having a vector D G N fe+1 , we construct the level k s^-module L D . In 
our paper we find a basis of L D . Let us explain the construction of the basis in the 
case of the vacuum irreducible representation Lo,fc- 

Let i>o,fc be the highest vector in Lo,fc- We realize Lo,fc & s a union of the cyclic 
5I2 © C[i _1 ]-modules with a cyclic vectors w s , s = 1, 2, . . . .In our special case 

w s =/i7 3 fc ---/ 2 Vi«o,fc. 

Denote by e l (j) the coefficient in front of z J in the series e(z)\ We prove that the 
union (s = 1,2,...) of the following vectors form the Lo,fc basis: 

(15) 

e k (I k ) . . . e(J>. = e fe ^) • . . ^Je*-^*" 1 ) . . . e*" 1 ^) . . . e(i{) . . . e(^)w a , 

if + 2a<if +1 , 
ij > (~2s + l)a + a(Z fc + . . . + Z Q+ i)(Z fe + . . . + l a+1 + 1). 

As any integrable highest weight sl2-module, L D can be decomposed into the 
sum of the irreducible components. Thus, one has the decomposition: 

L D = Mi <g> L ,fc © ... © M fe+ i © L fe , fc , dim M< = Ci, D . 

We show that Mj are graded spaces and numbers can be found in terms of the 
Verlinde algebra Vfc+i, associated with 5(2- In addition, it follows from our results 
that the characters of M, are the restricted Kostka polynomials (see |l0| , |ll| ) . Let 
us recall the definition of the Verlinde algebra. 

Consider an algebra with a basis tti, 7T2, . . . and multiplication (i < j) TTiitj = 
Hj-i+i + . . . + Hi+j-i (our generators multiplies as a finite-dimensional irreducible 
s[ 2 -modules). By definition, Vfc = (^1,^2, ■ ■ ■ }/(^k+i)- We show that in Vfc+i the 
following equation is true: 

k+l 

di d k d k+1 

TTD = TTl ■ ■ ■ TTfc TTfc+1 = }^ C ^i- 

i=l 

The proof consists of the checking that the defining relations of the Verlinde algebra 
hold for our modules L D . To be specific, we check that 

(16) if n D = n D > + tit," , then L D = L D ' © L D " 

for some choice of D,D', D". The set of the triples D,D' , D" is suggested by the 
formulas (§),(§. 

Using the character formula from |jj , we obtain the formulas for the character of 
C Ql * ... * C a " and L D . In particular, this gives us the formula for the characters of 
the irreducible representations Li.k from H. Using the characters of L D , we obtain 
some part of the equations L D = L D © L D by the only combinatorial methods. 

In the end, let us recall the method of studing of fusion products from |Q. We 
use the below construction as one of the main methods. 
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Recall that 

C Q1 * . . . * C a " = U(sl 2 ® Cit-^w. 
One can see that all module is generated by the only action of the operators 
eo, • ■ ■ , e-n+i - Thus, we have 

C ai * . . . * C a " = C[e_ n+ i, . . . ,e Q ]/I A = M A , 

where I A is some ideal in the ring C[e_„ + i, . . . , eo]. Consider the rings isomor- 
phism: 

opp : C[e_ n+ i, ... ,e ] -» C[e , • . • ,e n _i], opp(e,) = e i+ „_ x . 

Denote 

J A = opp{I A ), W A = C[eo, ■ • ■ , e„_i]/ J A . 
Then the following defining relations are true in W A (here e(")(z) = Yn=o e i z% )'- 
e ('»)( J 8)*-5- J 8E"=i( < + 1 -«i)+, i = l,2,... , 

where s + = if s < 0; s+ = s if s > 0; and for polynomials p, q we write p -j- q 
if p is divisible on </. Our condition means that the first —1 + (i + 1 — a j)+ 
coefficients of e^ n \z) 1 , i = 1, 2, . . ., generate the ideal J" 4 . 
Our work is organized in the following way: 

In the second section we construct the fermionic space F as s[2-module (subsec- 
tion 2.1) and describe the inclusion of W A in F® k (theorem 2.1). 

In the third section we construct sl2-module L D (proposition |3.l|) and describe 



its basis (theorem 3.1). 

In the fourth section we prove the decomposition formula L D = L D © L D 



(theorem 4.1), and also establish the connection between our modules and Verlinde 



algebra (proposition 4.2) 



In the last section we write the character formula for L D (theorem [0]) and as a 
corollary we obtain a formula for the characters of the irreducible representations 



Li t k (corollary 5T). In addition, we prove by the combinatorial means the equation 
L D = L D ' © LP" (proposition |5T|). 

Remark 1.1. In the terminology of the works Pj,||| the theorem \5. \ contains a 
"fermionic" formula for the character of L D . There also exists a "bosonic" (al- 
ternating) formula, which is connected with a geometry of the flag manifolds. We 
hope to return to this topic later. 

Acknowledgements. The first author was partially supported by the following 
grants: CRDF RP1-2254, INTAS 00-55, RFBR 00-15-96579. 

2. Fermionic picture 

2.1. Fermionic space (the space of the semi-infinite forms). 

Consider two set of variables ip(i),4>(j), i,j£Z, such that for all i,j € Z we have 

(17) mm = -mm, mm) = -<mj>«, 

m<PU) = -mm, mm = mm = o. 

Let F be a linear space with a basis 
(18) 

. . . m - 2)<i>(n - 2)m - i)d>(N - i)m)HN)m) ■ . ■ m)m) ■ ■ ■ m), 

s,t e N, N,i a ,j p e Z, N< i x < ... <i„, N < ji <,...< j t . 

5 



In other words, we consider the space, spanned by such infinite monomials in the 
variables 4>(i), that there exists an integer N, such that all the <f>{< N), ip(< N) 
are factors in it. In addition, numbers of all factors are less than some natural 
number. Let us call the monomials with the above properties configurations, and 
let the product rii=— oo 'MO'M*) be a tale of the configuration. It is clear that 
the fcrmions, which are not in the tale, can be reordered, using the commutaion 
relations. 

Define an action of the operators 4>(i), <t>*{i) on F. By the definition, 

ip(i)(v) (<fi(i)(v)), where v is a configuration, is a monomial v%p(i) (v(fi(i)) (to get a 
basis element probably one must reorder the fermions). For example, if v contains 
ip(i) O(i)), then ip(i)v = {(j>(i)v = 0). 

In its turn, the operators ^*(«), </>*(«) act by the differentiation with respect to 
the variables tp(—i),(j)(—i) respectively. The following commutation relations hold 
([a, &] + = ab + ba): 

(19) [ip*{i),ip(j)]+ = S l+j . , [(j)*(i),(f>(j)] + = S i+ji o, 

[^(i),0O')] = [0*(i)^(7')] = O. 

In addition, all tp*(i),4>*(j) mutually anticommutc. 
Introduce the generating functions: 

oc oo 

(20) j>(z) = <H*V> <K Z ) = E ^> 

i— — oo i— — oo 

oo oo 

r{z) = E <n*) = E 

i— — oo i— — oo 

Recall the construction of the = ® C[z, z^ 1 ] + cC action on F. The central 
element acts by 1 (F is a level 1 representation) . Define an action of the generating 
functions of the elements e, /, h on F as follows (for x £ denote Xi = x <g> z % ~): 

oo oo 

(21) e(z) = J2 e ^ = V^)<^)5 f(z) = E & = ^{zW-{z), 

i— — oo i— — oo 

and the action of h(z) can be defined using the commutation relations in s^. 
Introduce a set of vectors v(i) e F: 

(22) v(2N) = ... ip(N ~ 2)<\>{N - 2)^{N - l)<f>(N - l)ip(N); 

v{2N + 1) = . . . il)(N - l)(f>(N - l)ip(N)(f>(N). 

Note that e N+1 v(N) = v{N + 2),e< N v(N) = 0. 

Note also that the space F ® . . . <g) F inherit a structure of level k s^-module. 

k 

2.2. A fermionic realization of C[eo, • ■ ■ , e„_i]-modules. 

Recall that in JO we define a set of C[e , . . . , e„_i]-modules W A , depending on 
the vector A € N n : W A = C[eo, ■ ■ ■ , e n _i]/ J A , where J A is an ideal in the ring 
C[eo, . . • , e n _i], generated by the conditions on the generating function e^ n '(z) = 

(23) e (,l) (z) 1 ^ z i;?=i(i+i-«j)+ 
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(we use the notation s + = 0, if s < 0, and s + = s, if s > 0; p -j- g means that p is 
divisible on g). In other words, the ideal J A is generated by the first — 1 + Xw=i(* + 
1 — dj)+ coefficients of the polynomials e'"'(z)', i — 1, 2, ... . 

Let A = (ai, . . . ,a n ) and ai < . . . < a n . In fjj the following statement was 
proved: 

Statement 2.1. W" 01 '-' "- 1 ond W A /W 01 -- = 

By induction, one can obtain that dimVF" 4 = Y\d=i a i- 

Let fc + 1 = a n = max{ai : i = 1, . . . , n}, = #{i : = j}, j = 1, . . . , fc+1. We 
say that the set D = (di, . . . , dk+i) is associated with A. Define a vector va £ F® fc : 

(24) v A = v(-l + di) ® u(-l + di + d 2 ) ® • • ■ ® u(-l + di + . . . + d fe ). 

Denote 14 7 " 4 = C[e , . . . , e„_x](iu)) T 7 ^" 4 ^ F® k . Let us prove the following inclu- 
sion theorem: 

Theorem 2.1. W A = W^" 4 as C[eo, . . . , e n ^\]-modules. 
Proof. First, we prove that in F® k 

(in other words, first $^ =1 (i + 1 — %)+ — 1 coefficients of e"(z)'(»i) are equal to 
zero). Note that 

E (»+l-a 3 )+ 

e(z) % VA + z j=1 , if i < fc; e(z) va — if i > k 

(first is a consequence of the condition e<Nv(N) — 0, and second is true, because 
e(z) k+1 = in F® k ). So, for all i we obtain 

E 

e(z) l VA -T- z j=1 

Wehave(ar = -ESn 

eW^)^ = (e(*) + z n a;) l iu = ^ f ^ (e^-W'iu). 

Note that 



. . E(i+l-«i)+ 

(e(z) J - J z ly )^ ^z'=i 



because 



raj + ^(i - j + 1 - ai) + > ^(i + 1 - oj) + . 

Thus, we obtain J v a = and as a corollary, dimCfeo, ... , e n —i]vA < nr=i a * - 
To prove our theorem, it is enough to show that dim W A = Y\ oij . 
In the following lemma we use the notations: 

Aa n+ i = (ai, . . . , a n , a n +i), A(a n+ i — 1) = (ai, . . . , a„, a n +i — 1). 
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Lemma 2.1. Let A — (a\,... ,a n ), a\ < ... < a n . Let a„+i > a n . Denote 
Bi C C[eo, . . . , e n _i], B 2 C C[eo, ... , e n ) such sets of monomials that B\va = 
{xva, x G Si}, -B2«A(a„+i-i) — {^Afan+i-i); & £ B 2 } are linearly independent 
sets of vectors in W A and W A ( llrl + 1 ~ 1 ^ respectively. Let e n B 2 = {e n x, x G B 2 }. 
Then B\VAa n+1 U (e n B 2 )v Aa n+1 is a linearly independent set of vectors in W Aa " +1 . 

Proof. Consider 3 different cases: 

O-n+l > O-n + 1) = 0-n + L »n+l = 0-n- 

1. a w+ i > a„ + 1. 
Note that in this case 

(25) vi = v A = v(-l + di) <8> . . . ® u(-l + di + . . . + d an -i), 

V2 = VA(a n + 1 -l) =V A ® V(-1 + 

1>3 = VAa„ +1 = «4(a„ + 1 -l) ® v(-l + 

Let 62 S -B2, &2 = e^x, x G C[eo, . . . , e n _i]. Recall that 

(26) e <n v(-l + n) = 0, e n u(-l + n) = u(l + n), e, 2 lW (-l + n) = 0. 

But the sum of the summands in e n b 2 V3, with a property that the last factor has 
been changed (i.e. it equals not v{— 1 + n), but v(l + n)), equals to 

(27) {i + l)b 2 v 2 ®v{l + n). 

Thus, since the set of vectors B 2 v 2 is linearly independent, we obtain the linearly 
independence of e n B 2 v^. In its turn, the linearly independence of B1V3 is obvious, 
because B\ C C[eo, ■ ■ ■ , e„_i] and so for b\ G B\ 

(28) Ms = Mi ® + n)®^ 1 """). 

Now, we must prove that B1V3 and e n B 2 vj, are linearly independent as a whole. 
But that is a consequence from the formula fl28|) and speculations, leading to the 
formula (p7|). 

2- fln+l — Qn + 1 

In this case 

(29) v A = v(-l + di) ® . . . <g> u(-l + di + . . . + d a „-i), 

v A(a n + 1 -l) = VA, 
VAa n + l =V A ® v(-l + n). 

The proof is the same as in the previous case. 

3- fl w +l = O-n 

In this case 

(30) v\ = va = v(-l + di) ® . . . <g> + di + . . . + d 0n _i), 

«3 = fia„ +1 = V A , 

V2 = v A (a n+1 -i) = v(-l + di) <8> . . . <8> + di + . . . + d Q „_ 2 ) ® 

(81 u(-l + di + . . . + d a „_2 + d „_i + 1). 

Let us prove that e n B 2 vs is linearly independent. Recall that all of our vectors 
are the elements of the tensor powers F® 1 . We denote the fermions, used in the 
construction of the s-th factor as ^p s {i),cf) s {j). 
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Consider a vector w G F®( a " ^ , denned as follows: 

(31) w = 4> a „-i(n - (di + . . . + d an -i)/2)v 2 , if di + . . . + d an -i is even; 

w = V>a„-i( n — (di+ ... + d a „-i - l)/2)u2, if di + . . . + rf a „-i is odd. 

Thus, u> = X' l; 2j where x is defined by (|3l|). One can see that w is a summand in 
e„U3. Note also that 

(32) C[e , . . . , e n ]v 2 = C[e , . . . , e n ]w. 

In fact, we multiply v 2 on the fermion with a such number that beeing added to 
the maximal number of the opposite fermion (ip is opposite to (f> and <p to ip), which 
is a multiplier in the last factor in v 2 , it alredy gives n. So, \ cannot appear, while 
acting by the polynomials in the variables eo, . . . , e„ on «2- 

Now, let I be a linear combination of the elements of B 2 . One can see that the 
summands of e n l ■ 1)3, which contain \ as a multiplier in the last factor, arise only 
while acting e n in the last factor of the tensor power. In addition, if 62 € B 2 , b 2 = 
e l n x, x £ C[eo, . . . , e„_i], then the sum of the summands in e n b 2 V3, which contain 
X in the last factor, equals (i + l)b 2 w. Now, we obtain the linearly independence 
of e n B 2 V3 as a consequence of the linearly independence of and equality (|32|). 

To finish the proof of the lemma, note that, firstly, £?i?;3 is linearly independent 
since V3 — vi, and, secondly, B1V3 U e n B 2 V3 is linearly independent since B\ C 
C[eo, ■ ■ ■ , e„_i] and thus \ cannot appear in &1V3, b\ G B\. □ 

We have proved the lemma. Now we obtain our theorem by induction on the sum of 
Oi (including the existense of the monomial basis in the inductive assumption) . □ 

3. s[2-modules. Bases. 

3.1. Construction of the sb-modules. 

Let A — [a\ < ... < a n ), k + 1 = a„ . Consider the image I A G C[e_„+i, ... , eo] 
of the ideal J A under the action of the ring isomorphism 

(33) C[e , . . . ,e„_i] — ► C[e_ n+ i, . . . ,e ], e, i-f ej_ n+ i. 

As it was said in the introduction, the corresponding quotient is isomorphic to the 
fusion product of the s^-modules. To be specific, 

C[e_„+i, . . . , e ]/I A = C ai *...* C a " as sl 2 ® (C[^- :L ]/^- n )-modules 

(actually, C[e_ n+ i, . . . ,eo]/I A has a structure of sl 2 ® (C[z _1 ]/z _n )-module, see 
(U). From the theorem (2.1) we obtain the following statement: 



Statement 3.1. Let 

(34) wa = v(di — n) <8 v(di + d 2 — n) ® . . . ® v{d\ + . . . + d k - n), 

M A = C[e_ n+ i, . . . , e Q ]w A - 
Then as sl 2 <g> (C^" 1 ]/ ' Z - n ) -modules M A = C[e_ n+ i, . . . ,e Q ]/I A . 
Note that since d\ + . . . + rffe+i = n, then 

= v(-d 2 - . . .dfe+i) ® u(-rf 3 - ... - rf fc+ i) ® ... ® 
Denote A s = A a n , . . . , a n , A s G N" +2s . We will prove that M As ^ M A -+' as a 

subspaces of 




Proposition 3.1. w A € t/(s[ 2 ®C[z~ 1 ])wa 1 - 
Proof. Recall that dj = jf{i : ai — j}. Introduce a notation: 
Pi = d l+ i + . . . + rffe+i, 2 = 1,... , k. 

Then we have 

(35) w A =«(-&) ® ...<8> «(-&), 

= - 2) ® . . . ® - 2). 

Note that the vectors 

form an sl 2 -module with respect to the s[ 2 = (ei,/io + k ■ Id, From one hand, 

it can be checked by the direct calculation; from the other one can see that there 
exists an isomorphism 

C[ei, e , . . . , e- n+ i]w A = C[e , . . . , e- n ]/I Aan , e» i-> ej_i. 

But in any fusion product the e -action on the highest vector spannes the s[ 2 - 
module. 
Note that 

(36) ep= l(ft+1) WA is proportional to w(/3i + 2)®...® v(/3 k + 2). 
Also, one can see that 

(37) eo" i=l(/3<+2) iOA! is proportional to v(2 + /3i) ® . . . ® v(2 + (3 k ). 
Thus, we obtain the following equality 

(38) const • w A = f^^ef^ i+2) w Al 

(of course, the constant doesn't equal to zero). Proposition is proved. □ 

Remark 3.1. From the proof we obtain that e\M A M Al . 

Remark 3.2. From the proof of the proposition one can obtain that 

w Al <-> U(sl 2 ® C[z])w A . 

We have proved that w A G U(sl2 ® C[z^ 1 ])w Al . Thus, we have a chain of the 
inclusions: 

M A ^ M Al ^ M M ^ ... . 

Definition 3.1. Let D e (NU 0) fe+1 , and d k+l = or d k+l = 1. Let d x + . . . + 

d k +i = n. Consider A e W l+2 , such that dj = #{i : ai = j} for j = 1, . . . , k and 
#{i : a l = k + 1} = d k+1 + 2. Then 

oo 

L D = L dl '-' dk+1 = (J M As . 

s=0 

Notation: 

L D = (C 1 )*'' 1 * (C 2 )* d2 * ... * (C k )* dk * (c' £+1 )* ( ' ifc+1+2oo) . 

By definitions, L D is only s[ 2 ® C[z _1 ]-module. We show that in fact it has a 
structure of sI 2 -module. 

Proposition 3.2. L D is closed with repsect to the action o/s[ 2 . 
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Proof. By the remark (3.1), L D is closed with respect to the action of e\. In 
addition, L D is SI2 <8> C[z _1 ]-module. But SI2 is generated by sl 2 ® C[z _1 ] and e\. 
Proposition is proved. □ 

It is clear that L dl '---' dk+1 is an integrable level k representation. It is cyclic sfe 



module and may be generated from any of the vectors wa s (see the proposition 3.1 
and remark 3.2). 

Corollary 3.1. Let < i < k. Define such D that dj = j. Then L D = L^fe. 
We can write it as L hk = C' 1+1 * (C k+1 )* 2co . 

Remark 3.3. One can see that L dl < d2 >- ' dfc + I = L d2 - ' dk + 1 . That means that the 
number of the one- dimensional representations is not important. 

Remark 3.4. Let p(D) be a number of the odd numbers in the sequence 
dk+i,dk+i + dk, ■ ■ ■ , dk+i + ■ ■ ■ + d%. 

Then 

3.2. Basis of L D . 

Here we construct an L D basis. First we will construct the basis of the space 
W A ™ = C[. . . ,e_i,e ,ei, . . .}v A . 

Let k + 1 = a n = max{ai}. Recall that e(z) = 2j=-oo e i z% ■ Denote by e l (j) the 
coefficient in e(z) 1 in front of z J . Note that e<of J 4 = 0, so e{z)vA — (Sto e i z% ) v A- 
Let us prove the following lemma: 

Lemma 3.1. The following elements are linearly independent in W A °° : 

(39) eil 1 ) . . . e k (L k )v A = e(i\) . . . e^Je 2 ^) . . . e 2 ( ? 2 2 ) . . . e k {v\) . . . e k {r k k )v Al 

(40) if+2a<if +1 , 

i* > ad! + {a- l)d 2 + . . . + d a + a(l k + ... + l a+ i)(h +■■■ + L+i + 1). 

Proof. Recall that v A S F® k . We denote the fermions, used in the construction of 
the s-th factor of F® fc as ip s (i) : <j> s {j)- Denote ei iS the following operators in F® k : 

Bi s = Id ® . . . <g> Id ®ei ® Id <g> . . . <g) Id. 
* ' 

s-1 

Let [x] be an integral part of x. Define an operator 

,<£,£*!,... ,d a )=m(I a ,d 1> ... ,d a ):F® k ^F® k 
by the following way: 

( 41 ) IT II e di + ...+d J+ 2(rn-l),j X 



j=l m=l 

I 

X 

ra— 1 

( 

X 

m— 1 



n ^ 

L 

n 



- (a - l)di - (a - 2)d 2 - ... - - (a - l)2(m - 1) + 1 

2 

C - (a - - (a - 2)rf 2 - ... - d Q -i - (a - l)2(m - 1)" 
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Let mil 1 , . . . ,I k )vA S F® k be the following vector: 



(42) 

mil 1 ,... ,I k )v A =m(I 1 ,d 1 + 2{l k + ... + l 2 ))m{I 2 ,d l + 2(l k + . . . + l 3 ),d 2 ) . . 

. . .m(I k ~ 1 ,di + 2l k ,d 2 , . . ■ ,d k -i)m(I k ,di, . . . ,d k )v A . 



Note that if I 1 , . . . ,I k satisfy the condition (40), then mil 1 ,. . . ,I k )v A is one of 
the summands in e(/ 1 ) . . . e k (I k )v A . Let us explain why. 

Let us act in a following way: first by e k (I k ), then by e fe_1 (/ fe_1 ), and so on till 
to e(/ 1 ). All this operators act on F® fe . Every time, while acting by e a (I a ) on 
F® k we consider only the summands in which the action is happening on the first 
a factors. In addition, the action on the first a — 1 factors is happening by the 
" minimal" possible way, that is we are multiplying on the fermions with a minimal 
possible numbers. In the same time the action on the a-th factor is happening by 
the "middle" way, that is e a (j) acts on the a-th factor by the multiplication on 
V'a['^-]0Q[§]- Condition ( |4p| ) garanties that while acting by the described way, we 
will get a nonzero vector. 

Now, let us prove the linearly independence of our vectors. Consider the linear 
combination 

(43) £/3 JW » e (I 1 )...e*(J k W, 

where all the sets (I 1 , ... ,I k ) satisfy the condition ([40|). Between the sets from 
( ff3| ) choose the one (Iq, ... , Jg) with a property that for all other sets from ([43|), 
we have: there exists j, m, such that (io) J m > *m ano - f° r a ^ such ji,m\, that 
ji > j or ji — j, mi < m we have («o)m = ' il, ■ Note that from the construction, 
we obtain that m(Jo, . . . , Io)va appears in (f43|) only from e(7o) . . . e k {I^)vA (and 
with a nonzero coefficient) and doesn't appear from any other summand. Thus we 
obtain that 

£/3 JW *e(JV..e*(J>^0. 
Lemma is proved. □ 

Proposition 3.3. Vectors ( p^ j with a condition form a base ofW A °°. 

Proof. Since we have checked the linearly independence, it is enough to compare 
the characters of the probable basis and the space W Axi . One can see that the 
character of the probable basis is 



(44) £ (zq- 1 )^'*— 



2 min(s,t)i s i t +2 d l (ii+2i l+1 + ... + (k-l+l)i k ) 
i = i 



(ii) g !...(ifc) g ! 

l!,...,l k =0 ,H /H 

Thus, the character of W A °° is more or equal (in every homogeneous component) 
than the expression (E3) . We will show that in fact we have an equality. 
Consider a quotient B A of the polynomial ring 

C[6i(0),6i(l),... ,6 2 (0),6 2 (1),... A(0)A(1),...]. 

The defining relations in B A are the following relations on the generating functions 
bi(z) — Y^jLo^iij)^ ( we use the notation b^ s \z) for the s-th derivative of the 
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series): 

(45) h{z)~ 2«i+(i-i)d 2 +...+d i; 

{z)bf (z) = if i < j, s + t<2i 



j 

A 



Statement 3.2. Define deg z bi(j) — i, deg q bi(j) = j. Then the character of B 
is coinciding with the expression (Q). 

Proof. It is known, (see for example J9|) that the dual space (B A )* can be realized 
as a sum of the spaces of polynomials 

f(z 1 , . . . , z^ ; . . . ; z-y , . . . , Zi k )i ia > 0, 

symmetric with respect to all of the groups of variables z f , . . . ,zf and which can 
be written in a following form: 

k ii 



( 46 ) /=9nn^) zdi+( '~ i)<i2+ - +<i! n n ( 



Z=li=l Ks<Kfc i=L 

_ 3 = 1, 



where g(z\, ... , z\ ; . . . ; z\ , ... ,z!f ) is an arbitrary polynomial, symmetric with 
respect to all of the groups of variables. In other words, / is vanishing 2s times on 
the diagonals zf = zj, s < t. 

One can see that the character of the polynomials (^) coincides with (Q). □ 

To prove the proposition, it is enough to show that chW^ 00 < chB A (we mean 
that the inequalities are true in each homogeneous component). In order to do it, 
we will use the construction for the filtration on the dual space (W A °°)* , which is 
explained in Q in a more general case. 

One can see that a dual space (W Aaa )* can be realized as a sum of the spaces of 
the polynomials /(z 1; . . . , z s ), s = 0, 1, 2, . . . , which satisfy the following conditions: 

(47) - ,z,) + z* dl+ < i - r > d » + - + ' k , i = l,...,k, 

i 

f( z, ■ ■ ■ , z , z k+2 , ... ,z s ) = 0. 

k+1 

(This realization is tantamount to the fact that W A °° is a quotient of the polynomial 
ring C[eo, ei, . . . ], with a defining relations: 

(48) e l {z) + z ^+-+ d % i = l,...,k, e k+1 (z) = 0. 

In |IJ we have proved it in the case d± = . . . = dk = 0. In the general case the proof 
is the same.) 

As it is shown in ||, there is a filtration on the space (W Ax -)* by the subspaces, 
enumerated by the Young diagrams, and the adjoint quotients are isomorphic to 
the spaces of polynomials @). This gives us that the character of W A °° is equal 
to ©. □ 

Corollary 3.2. Elements 

(49) eil 1 ) . . . e k (I k )w A = e(i\) . . . e^Je 2 ^) . . . e fe (z 2 2 ) . . . e k ^) . . . e fc (zf fc )w A , 
if > a-a(d k+1 + . . .+d a+ i)-(a-l)d a -. . -d 2 +(l k +. . .+l a+ i)(l k +- ■ .+^+i + l) 
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form a base of C[. . . , e_i,eo,ei, . . .]wa- (Denote this set of vectors as Ba). 



Lemma 3.2. Ba, C Ba 3+1 - 

Proof. Note that in F® fe the following is true 

e(z) k = k\ ■ e{z) ® ...® e(z). 
Thus we obtain the following equality (a, = d 2 + . . . + di): 

(50) e k (^2{- ai - w A2 = k\ ■ w A . 

As a consequence, we obtain that Ba 3 C 3+1 . □ 

Theorem 3.1. \J™ =0 B Ab is a basis of L . 
Proof. By definition 

oo 

L D = (J C[. .. ,e_i,e ,ei, . ..}wa b - 

s=0 



Using the lemma 3.2, we obtain the theorem. □ 



Remark 3.5. Using the theorem 3.1 and formula ( \4-4D one can obtain the character 
of L D (note that in Q character of L^k was obtained by this method). But in the 
last section we will obtain the character of L D using a fact that L D is a limit of 
finite- dimensional fusion products. 

4. The decomposition of L d . Verlinde algebra. 

4.1. Functional recurrent formula. 

Let A = {a x < . . . < a n ) e N", k + 1 = a n , De(NU 0) fe+1 is associated with A. 
We will construct such A', A" that W A ' ^ W A and W A /W A ' £ W A " . 

Recall that e^ n \z) = J2i=o eiZ% ■ Denote by [e^{z) l ]j the coefficient in front of 
z j in e^{z)\ 

Lemma 4.1. Let di / 0. Then 

[eW(z) i_1 ] E i-i ( j_ i)dj UA = (l-l)l(e dl <8> . . . <8> e dl+ ... +dl _ 1 <g> Id <g> . . . <8> Id)« A . 

Proof. Firstly, note that 

(si) [ eW w w ]Er=iNH^ = eH fEc-iH 



(recall that e l (j) is a coefficient in front of z J in the series e(z) 1 ). In fact, if 
(52) e(*y-V = e^{z) l - l v A + £ f ~ 1 V (, - 1 - i) c , - 1 - i eC"- 1 >(z)V 

i=0 ^ * ' 

Recall that 
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We have: 

z n(l-l-i) e (n-l)f z y VA ^ z n(J-l-i)+£j=i 

In the same time, since Ylj=i dj — n an d d/ ^ 0, then 

i l-l 

n(l-l-i)+^2dj(i + l- j) > ^2(1 - j)dj. 

3=1 3=1 

From this and (|5^), we obtain (^l|), because all the summands in the right hand 
side of (||), but e^(z) 1 ' 1 are divisable on z^^^l-j) ^ 
Consider now e(z) l ~ 1 VA- Since e(z) 2 = in F, we have 

(53) e{z) l - 1 v A = {l-l)\ e(z) il ...e(z) i! _ 1 ?M, 

l<il<...<Z;_l<fc 

e(z)i = Id (gi . . . ® Id ®e(z) ® Id ... ® Id. 

i-1 

Consequently, since di ^ and e<d,v(d) = 0, then 

[e(z) i_1 ] E i-i ( ,_ i)dj u A = (/ - l)!(edi ® ■ • • <8> e dl+ ... +dl _ 1 <g> Id ® . . . ® Id)w A . 
Lemma is proved. □ 



Remark 4.1. TVoie i/iai if I — 1 = k then we as a corollary obtain the proposition 
& 

Remark 4.2. One can see that 
(54) 

(e dl ® • ■ • ® e dl+ . <S» Id <8) — <g) Id)iu = v(l + d x ) <g> «(1 + d x + d 2 ) ® • . . 
. . .<g>u(l + di + d 2 + . ■ . + di_i)®«(-l + di + . . . + d ; )® . . .®«(-H-di + . . . + dfc). 
Denote this vector by u. 

Using the fermionic realization of the modules W A , we obtain: 

Statement 4.1. a). Let di > 2. Denote by A' 6 N™~ 2 suc/i set i/ia£ i/ie associated 
set D' is the following: d[ = d; — 2, d£ = dj if i^l. Then, if we will consider W A 
as a ring C[eo, • ■ ■ , e n _3]/ J' 4 , t/ien i/iere exists the isomorphism of the rings: 

C[e 2 , . . . , e„_i]w ^ , ej i-> ei _ 2 . 

&,). Let d; = 1, I = min{m : d m ^ 0}, I =/= k+X. Let d/_|_i = . . . = d^-i = 0, di t ^ 0. 
Denote by A' £ N"^ 1 smc/i sei i/iai an associated set D' is of the following form: 

d'i = di- l,d' h = d h - l,d' h _ l+1 = d h -i+i + 1, 

and for all other i di = d\. Then we have the isomorphism of the rings: 

C[ei, . . . , e n _i]it = W A , e 4 h-> e»_i. 

Remark 4.3. ./Vote £/ia£ i/ie condition I — min{rn : d rn ^ 0} from b) seems to be 
unnatural. But in the case of geneneral I the module C[ei, . . . , e n —i]u is not of the 
type W A for any A' . Still, the structure of modules C[ei, . . . , e n _i]tt in the general 
case is very interesting too and we hope to study it in the future. 
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So, there is a subspace W A in W . Let us study the quotient. Recall that (see 
(lj) the dual space (W A )* = (C[e , . . . , e„_i]/ J A )* can be realized as a space of 
the polynomials f(z%, . . . , z s ), s = 0, 1, 2, . . . with a following conditions: 

1) . f(zi, . ■ ■ , z s ) is symmetric. 

2) . deg z J(zi, ... ,z s ) <n. 

3) . f( z,... ,z ,z i+ i, ... ,z s ) -r zj =1 , i= 1, ... ,s. 
Let us prove the following proposition: 

Proposition 4.1. aj. > 2. Denote by A" e N™ smcA sei i/iai i/ie associated set 
D" is the following: 

d' l '_ 1 = di-i + 1, d'( = di — 2, = + 1, <i" = otherwise. 
Then W A /W A ' S W^ 4 ". 

6). dj = 1, i = min{m : d m ^ 0}. Denote by A" £ N" smc/i set i/iai the associated 
set D" is the following: 

d['_ 1 = di-i + 1, d'/ = 0, rf;' = d^ — 1, d'( i+l = d'( i+1 + 1, d i — di otherwise. 

Then W A /W A ' ^ W A " . 

Proof. Note that the dual space 

(W A /C[e , . . . ,e n _i]tt)* 

can be realized as a space of the symmetric polynomials / in s variables (s = 
0, 1, . . .), with a degree not more than n — 1 in each and satisfying the following 
conditions: 

£ (i+l-ij ) + 

*)• f( z,... ,z ,z*+i, • ■ ■ , 2s) -T- z j=1 , i = 1, .. . ,s. 

i 

* *)• f{z,...,z, zi, . . . ,z s ) z j- 1 

(recall that u = [e^(z)]j-.!-i^_^^ rf .u^). We will prove that if the polynomial / 
satisfies the conditions *), **), then it also satisfies the conditions on the function 
from the dual space (W A )*. If we also check that 

(55) dim W A = dim W A ' + dim W A " , 

we will obtain the proof of the proposition. 

Firstly, let us check that dim W A — dim W A + dim W A . As we have mentioned 
above, dimW^ 4 = Y\di. But then (SBJ) is tantamount to the equality I 2 = 1 + (I — 
l)(l + 1) in the case a) and ll\ = l\ — I + 1 + (I — l)(h + 1) in the case b). 

Now, let us prove that if / satisfies the conditions *),**), then / 6 (W A )* that 

is 

± d'j(i+i-j)+ 

(56) f( z,... ,z ,Zj+i,... ,z s ) + zi- 1 ,i=l,...,s. 

i 

16 



a) , di > 2. If i < I — 1 ( p6| ) is a consequence of *). If z = Z — 1 it is a consequence 
from **). Let i = I. Condition *) gives us 

But d'{_ x = d ; _i + 1, df = di-2. So 

2df_ 1 + d' l ' = 2di-! + di. 
Thus, (^3) is true for i — I. Now let i > I. Then 

(dj_i + l)(t + 1 - (Z - 1)) + (dj - 2)(t + 1 - + (d /+ i + l)(i + 1 - (/ + l)) = 
= di- x {i + 1 - (Z - 1)) + d t (i + 1 - + d ;+ i(z + 1 - (Z + 1)). 
So, we obtain ([56]) as a corollary from *). Case a) is proved. 

b) . di = 1. Recall that for m < I we have d m = 0. So for i < I — 1 the condition 
( |56"| ) is trivial. 

We know from **) that 

(57) f(z,... ,z, z h ... , z s ) z. 

L-l 

Using this formula, one can obtain that 

(58) /(*,... ,z,z l+k ,... ,z s )^z k +\ k > 0. 

;-i+fc 

This gives us ( |56| ) for i = I— 1, . . . , Zi — 1. In the same time, for i>l\ the condition 
( |56"| ) coincides with a condition *). Proposition is proved. □ 

4.2. Decomposition of L D . 

Here we obtain the decomposition of L D on the irreducible components. 
Recall that we construct L D as a limit of the inclosed spaces M As . Note that the 
proposition ( }4. 1| ) can be reformulated in a following way: M A M' 4 , M A /M A = 
M A ". 

Recall that we have constructed a fermionic realization of M' 4 . We want to 
understand, how do M A and M A are embedded in F® k with respect to each 
other. We know that M A /M A ' ^ M A " . In the same time, we will calculate the 
minimal level, in which M A doesn't coincide with M A that is the "starting" level 
for M A . It is clear that the number of this level is deg g wa — deg ? wa" ■ 

Let 2cti = dfe_|_i + . . . + dj+i, i = 1, . . . , k, and define p(D) as a number of half- 
integers di. 

Lemma 4.2. a), dj > 2, 1 ^ k + 1. TTien 

p(D")-p(D) d t - 1 
deg 9 - deg 9 w^" = ^ 1 — • 

&). d/ = 1, Zi = min{z > Z : d^ 7^ 0}. TVien 

p(D")-p(D) d h 
deg q w A - deg q w A >> = V —■ 

Proof. From the fermionic realization one can obtain 

deg q w A = — j h 2^ a i ■ 

i=l 
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The rest of the proof is straightforward. 



□ 



Theorem 4.1. Let D e (N U 0) fc+1 , di = 0, 4+i < 1. Let d 2 + . . . + d k+1 > 2. Let 
2 < Z < fc, d<i = 0, /i = min{i : i>l,di^ 0}. 

a), d; > 2. Define D',D" as above with an only change: if I — k, then d'l +1 = 
(dk+i + 1) mod 2. Then 

chi^ = chi^ + 3 J + ^~c\iL D . 

b\). di = 1, Zi ^ fc + 1. TTien 

, T n , r n' p(p")-p(p) , d ii n // 

chL =chL^ + <? 4 +— chl/" . 
62)- di = 1, /1 = fc + 1. TTien 

chi^ = chL 13 '. 



Proof. Our theorem is a consequence of the lemma (4.2). Note only that in the case 
b 2 ) the second summand vanishes, because the difference deg g wa s — deg g wa'j goes 
to infinity while s — > 00. In the other cases this difference doesn't depend on s. □ 

Corollary 4.1. From the equations for the characters of the integrable highest 
weight ^-modules, we obtain the equalities for the modules itself: (all notations 
are from the theorem) 

a). L D = L D> L D " . h). L D = L D ' © L D ". b 2 ). L D = L D ' . 

Corollary 4.2. We obtain an algorithm for the decomposition of the modules L D 
on the irredicible components. 

Proof. Note that such D that Yl d% — 1> correspond to the irreducible representa- 
tions Li fe. To all the rest of L D we can apply our decomposing procedure. Note 
that for D,D',D", defined above, we have ]Ji d ' > ]Ji<, ]Ji d ' > ]Ji< . So, our 
algorithm in a finitely many steps will give us the decomposition of L D on the sum 
of the irreducible sl2-modules. □ 

4.3. The connection with the Verlinde algebra. 

Recall the definition of the Verlinde algebra Vfc, associated with a Lie algebra 
5 [2 • Consider an algebra with a basis 7r% , 7T2 , . . . and with a multiplication {i < 
j) TTiTTj = Hj-i+i + . . . + 7T; + j_i (generators are multiplying as a finite-dimensional 
irreducible s^-modules). By definition, Vfc = (tti, 7T2, . . . )/(irk+i). Here is a list of 
some properties of Vfc: 

Statement 4.2. The following equations are true in Vfc: 
l).7^ = l(=7n). 

2) . irf = 1 + 7r 4 _i7r 4+ i, i = 2, . . . , fc - 1. 

3) . 7r;7Tj = Wj-i+i + ni-iKj+i, i < j,i = 2, . . . , fc - 2, j = 3, . . . , fc - 1. 

4) . 7r;7rfc = Kk-i+i, i = 2, ... , fc - 1. 

Let De(NU 0) fc+1 , 4 + i < 1. Denote 

(59) n D = n^W 2 . . . TT k+1 d «^ E Vfc+i- 
We have 

(60) ttd = ci,r>7ri + . . . + Ck+i^k+i- 



From the corollaries 4.1, 4.2 and statement 4.2 we obtain the following proposition: 
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Proposition 4.2. There is a decomposition 

L D = Mi ® L , fc © ... © A4+1 ® L k>k , 

where dim Mj = Ci t D and Mi are graded spaces. The character of Mi can be obtained 
by the procedure, described above. 



5. Combinatorial calculations 

In this section we will obtain the formulas for the character of L D . As a con- 
sequence we will obtain the formula from |J for the characters of the irreducible 
representations Using this formulas, we will reprove an equation a) from the 
corollary (4.1). 



5.1. The character formula for L D . 

One can see that the spaces L D are bigraded by the operators h and d (for xesl 2 
i). So, one can introduce a character as a trace Trq d z h °. In the same 
time, it is clear that for all D the eigenvalues of ho on L D are of the same parity. 
So, we will define the character in the following way: chL D = TTq d z^~. In this 
definition, all the powers of z are integer or half-integer. (One can see that they 
are integer, if Yli^2 — -0^ ^ s even > an d half-integer, if it is odd). 

Recall that in M we obtain the following formula for the character of W A (A = 
(ai < ... < a n ), a n = k + l,dj = #{i : a t = j}, d x = 0): 



(61) ch(W A ,q,qz) 



d.k+1 d k +j k 

E E ■ 

jk=0j k -i=0 



■E 

ji=0 



E 31 E ji(d 2 + ---+d,+j l ) 



dk+i 




dk + jk 




~d 2 + 32 


. 3k 


1 


jk-i 


i 


. 3i . 



Let us now obtain the character of M A (again, powers of z will be integer or half- 
integer). Denote 

2cti = dk+i + • • • + di+i i = l,... , k. 
In this notations p(D) = #{i : ai € (Z + i)}. Recall that 

W A = C[e , ■ • • , e„_i]w A , M A = C[e , . . . , e- n+1 )w A . 

Thus, to obtain M A from W A one must move va to jd^ and then "turn" W A , to 
get ei-i from e n -i. One can check that while moving va ~^ wa the z-degree will 
decrease on ^2 a i, an d the g-degree will increase on a i ~ ^~ip~ (note that in the 
formula (j6lj) we regard the q-degree of va to be equal to zero, so a i ~ 4^ is j us t 
a g-degree of wa in F® k ). Thus, to obtain from ( pSl] ) the formula for the character 
of M A , one must multiply (^) on the corresponding factor and replace z by 

what is corresponding to the "turn" of W A (we must divide on q n , because the 
formula for the character of W A depends on the variables (q, zq)). We obtain the 
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following expression (substituting n — dj): 



(62) ch{M A , q, z) = z~ h q^ g"f( D )/ 4 



ih+l d k +j k d 2 +j 2 / \ E .7! * . 



E E •••£ v 



ES4 



After a simple rearranging, we obtain: 



(63) ch{M A iq ,z) = q- p{D)/4 x 

><E E -E 







~d k + jk 




~d 2 + j 2 ~ 


. J* _ 


q 


jk-i 


i 


. h . 


qi=i 


X 






dk+i 




dk + jk 




~d 2 + n 


. 3k 


i 


jk-i 


i 


h 



Make a change i\ — ji — af. 
(64) ch(M A ,g,z) = q-P^/ 4 x 



d k+1 /2 dfc/2+i fc d 2 /2+i 2 * . * , 2 

E ■■■ E 'i x 



l k—~ a k l k-l — ~ a k-l l l — a l 



dk+i/2 + oik 
ik + a k 

Rewrite the binomial coefficients: 
(65) ch{M A iq ,z) = q-P^/ 4 



dk/2 + ik + ak_i 
ik-i + afe-i 



+ 12 + Oil 

ii + o;i 



E 



E *j E »? 

Z I=1 g(=l x 



. < "fc+l . > , "1 + 1 
— 2 — ' 'i + l^'i J - 



1=1 



x (4+i) g ! j-j {k+i + ^ + a;)g ! 



(% i +* fc ) g !^i (<l+«l)9 



We are interesting in the limit of (65) while dfc+i — > 00 {d^+i must preserve its 
parity). Denote 

00 

(oo) g = n(l-g*). 



(In our formulas the symbol (oo) q for the Fifed (1 — 9*) seems to be more natural, 
than the more common one (9)00)- In order to compute the limit, note that we can 
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consider such % that — dfe+i/4 < ii < 4+i/4 (otherwise the g-degree will overreach 



Then the degree in q of the polynomial 



(i;+a;) g ! 



is greater than -^p-. So 



/ . \ i > 1 while d fe+1 -> co. 

J- x i 7 j — — rv? 1.1 



(% i + **) 9 ! , = i (<J+aO«l 

In the same time 

1 



We have proved the following theorem: 

Theorem 5.1. Let fle(NU 0) fc+1 , d k +i < 1. Denote 2cti = d k +i + ■ ■ ■ + d i+1 , 
?' = !,... , k. Then 



chL* = ^ V — ^- 

(00)g ^ 



fc fc 

E H E i? 



Corollary 5.1. FFe obtain the formula from 



i+t n E *?+E 

1 ^-^ * 1=1 Oi=l 1 = 1 

" ,ij = (^„.5, 



5.2. Combinatorial recurrent formula for L D . Introduce the following nota- 
tions: 

(66) D = {... 4-i(4 + 2)d s+1 ...),£>' = (... d s -id s d s+1 ...), 

D" = (...(4-1 + 1)4(4+1 + 1)...). 

Proposition 5.1. chL D = chL D +q J +— 2-chL-° . 

Proof. Note that = p(D'). We have: 

(67) chL - chL = q - - x 

(oo) 9 

fc fc 

E n E if 



i!+ ;. !6Z ' ,= ^ (*. - ia-i + ^) 9 ! II - *» + 

2 ;=i ;^ s _i 

fc fc 

x - E h E i? 1 

\ Z i = l gl=l 



n(*i+i - *i + 
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Divide the summation region of the minuend into the two parts: the first one with a 



parameters with i 



3+1 



'-, and the second one with i s 



> is 



Then the 



2 , ^.IVL UVWUU "S+l "S 2 

conditions on the parameters in the second part will coincide with the conditions 
on the parameters in subtrahend. Thus the previous expression equals 



(68) 



<1 



-p(D)/4 



(oo) 5 



E 



E 



E <i E ' 
Z i=i „i=i 



1 



fe-i 



+ 



i,+o, i ez,i=i,... ,k 

■ _ ■ _ d s +2 

«a- l s-l 2 

fe k 

E <i E »? 

Z l = l gi=i 



II (ii+i-ii + ^W 

f=l,J 7 4a-l 



*,+<«, ez,i=i,... , 



(i« - i s -i 

Add the first summand to the second: 

,-p(D)/A 



1=1,1^8-1 



'M + l\ | 
2 /8 



(69) 



9 



(00)9 



E 

»!+<*! ez,i=i,... ,* 



E »i E ' 

yl = l n l = l 



q 



i 3 — i 3 _i + - 



fc-1 



i = l,Z^S-l 



Let us change the parameters i s := i s + 1/2, i s 



_i — 1/2. Then we obtain: 



chL D - 
Proposition is proved. 

Corollary 5.2. i D = L D ' 



chL 



D' 



p(P")-p(P) + 2d s +2 „„ 

q 4 chL . 



□ 



- d" 
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